THE HOMOLOGY COALGEBRA AND COHOMOLOGY ALGEBRA OF GENERALIZED 

MOMENT-ANGLE COMPLEXES 
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Abstract. In this paper, we compute the homology coalgebra and cohomology algebra over a field of all 
generalized moment-angle complexes and give a duality theorem on complementary moment-angle complexes. 



The moment-angle complexes have been studied by topologists for many years (cf. [JJ5] [TS]). In 1990's Davis 
and Januszkiewicz [5] introduced toric manifolds which are studied intensively by algebraic geometers. They 

■ observed that every quasi-toric manifold is the quotient of a moment-angle complex Zk by the free action of a 
■^j- | real torus. The topology of Zk is complicated and getting more attentions by topologists lately (cf. [11] [II] [I] 

[18] [10]). Recently a lot of work has been done on generalizing the moment-angle complex Zk = Zk(D 2 , S 1 ) 
to space pairs (X,A) (cf. [2], [3], [12], [16]). But in general, the (co)homology of a generalized moment-angle 

■ complex is not known. 

In this paper, we construct a (co)chain complex to compute the (co)homology group of a generalized 
moment-angle complex in Theorem 1.3 and give a duality theorem for a special type of generalized moment- 
angle complexes in Theorem 1.6. To compute the coalgebra structure of the homology and the algebra 
structure of cohomology, we construct two spectral sequences in Theorem 2.3 that converge respectively to the 
homology coalgebra and cohomology algebra of a generalized moment-angle complex. By using the spectral 
sequence that collapse for all generalized moment-angle complexes, we determine the homology coalgebra and 
cohomology algebra structure of a generalized moment-angle complex in Theorem 3.8. We end the paper with 
an example. 



Ov 

1. The (co)homology group of generalized moment-angle complexes 



Notations and Conventions In this paper, k is a field. All objects (groups, (co)chain complexes, 
(co)algebras, etc.) are vector spaces over Ik and <8> means <S>k- So base and dual objects always exist and 
H*(—) = Rouit(H^(— ),k) and -ff*(Ci(g>C2, dx®^) = H^(C\,di)®H^(C2,d2). For a topological space or a 
.£h ■ simplicial complex X, H*(X) = H*(X;k) and H*(X) = H*(X;k), the (co)homology over k. 
■ For a positive integer n, [n] denotes the set {1, 2, • • • , n}. 

A simplicial complex K with vertex set S is a set of subsets of S such that if r G K and a C r, then 
a e K and {s} 6 K for every s £ S. 2 s is the full simplicial complex consisting of all subsets of S. The 
geometrical realization of K is denoted by \K\. Notice that all simplicial complexes have the empty set cf> as 
a — 1-dimensional simplex except the void simplicial complex {} that has no simplex at all. 

Definition 1.1 Let (X, A) = {(Xk, ^U-)}fc=i be a sequence of topological space pair. For a simplicial complex 
K with vertex set a subset of [m], the topological space Zk(X, A) is defined as follows. For a subset a of [to], 
define 

Xi if i e <t, 



D(a) = Y 1 x---xY n , Yi 



A; if 



i g o~. 



Then Z K {X,A) = U aeK D(a). 

In this paper, a generalized moment-angle complex M — Zk{X,A) is a topological space defined as above 
that satisfies the following condition. Every Ak is either an open subspace of Xk or a deformation retract 
of an open subspace of Xk- Specifically, if every (Xk,Ak) is a CW- complex pair, Zk{X,A) is a generalized 
moment- angle complex. 
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Notice that we do not require that the vertex set of K is [m]. This will give a complete conclusion for 
duality. 

Definition 1.2 Let K be a simplicial complex. For a simplex a G K , the link and star of a are respectively 
the simplicial complex linkx(c) = {n G K | ryUer G F, r/(la = rA} and starrer) = {r G K | erUr £ if}. For 
a subset co of the vertex set of K, K\ u = {vPiuj | n G F}. For a G K and aflu = <f>, K a ^ = linkx(cr)| w = 
{wn?7 1 r/ G linkx(er)}. 

For a generalized moment-angle complex M = Zk(X,A), (X, A) = {{X kl Ak)}™ =1 , let i k : H*{A k ) — > 
H*{X k ) be the homomorphism induced by the inclusion map andi k = kerifc, ife = coimifc = imife, c k — cokerife. 
£ = {k\c k / 0}, ft = {k\t k ± 0}, I M = {{o-,uj)\a G F, a C S, u G ft, crnw = 0}. For (a,co) G J M , 
^'"(M) = di®- • ^a™, wriere afe = Cfe if k e a, a k = fife i/ fc G co, a k = it otherwise. Dually, let (— )* 
denote the dual map and space and so t* k — cokeri^, \* k — imi k — covan* k , c* k = kcriji. For (cr, lu) G 1m, let 
T* W (M) = di<S>- • -®a m; w/iere = if k G cr ; cife = fi£ i/fc e w, oj = otherwise. The relation of the above 
graded groups are as in the following diagram 

H*{Ak) H*(X k ) H*(X k ) -^h H*{A k ) 

II II II II 

h®ik — > ifc©c fe c* k ®i* k — > i* k ®t* k . 

Theorem 1.3 Let M — Zk{X,A), (X, A) = {(X k , Ak)}™^, be a generalized moment-angle complex and 
everything is as in Definition 1.2. Then there are group isomorphisms 

H*(M) Si ® ( ^ )elM H^(M), H^(M) = ® s+t = k H s {K atUJ )®T?'"{M), 
H*(M) - ® { ^ K i m KJM) , H k +J(M) = (B s+ t= k H s (K^)®T^(M). 

Proof. We may suppose that every A k is an open subspace of X k , otherwise, replace A k by the open subspace 
of X k of which A k is a deformation retract. 

Construct chain complex (C»(M),o!) as follows. Let {U kl d k ) be the chain complex such that U k = 
6fc©ifc©Cfc q k , d k (x) = for all x G fifc©ife®Cfc and d k : q k — > fife is an isomorphism with degree lowered 
by 1 if fife ^ and q k = if fife = 0. Let (S k , d k ) be the chain subcomplex of (U k , d k ) such that S k = i k ®\ k . 
For a simplex a G K, (C*(cr), d) — (Vi®- • -®lm, di<8>- • -®(I m ), where V k = U k if k G u and V k = S k if k ^ a. 
Then for a G cr', (C*(cr), o!) is a chain subcomplex of (C*(cr'), d) and for all cr, r G FT, C*(o-)nC*(T) = C*(crnT). 
Define (C»(M),o!) to be the chain complex such that C«(M) = + ff£ ifC»(ff) (not direct sum ©!). 

Let (S*(X),d) be the singular chain complex over k of the topological space X. Take a fixed representative 
in S*(A k ) for all homology classes in a base of fife, ife, a fixed representative in S*(X k ) for all homology classes in 
a base of Cfe and a base in S*(X k ) for q& such that for every base element y G q k , dy is the representative for the 
base element d k y. Then we may regard (S k ,d k ) and (U k ,d k ) respectively as chain subcomplex of (S*(A k ), d) 
and (S*(X k ),d). The two inclusion homomorphisms of chain complexes are homotopy equivalences and so 
induce homology isomorphism. 

Now we prove H*(C*(M),d) = H*(M). We use double induction on the dimension and the number of 
maximal simplices (a maximal simplex is not the proper face of any simplex) of K. If dimF = —1, the 
conclusion is trivial. If K has only one maximal simplex o - , i.e., K = 2 CT , then there is a chain complex 
homotopy equivalence 

i M - (C,(M),d) = {&(*), d) ~ (S.(yi)®-"®S.(r m ),d®---®d) ~ (S*(Y 1 x---xY rn ),d) = {S*(D(a)),d), 

where D(a) is as defined in Definition 1.1, the first chain homotopy equivalence is the inclusion homomorphism 
and the second is the Eilcnbcrg-Zilber chain homotopy equivalence. Suppose there is a chain homotopy 
equivalence im : (C*(M), d) — > (S*(M),d) for all moment-angle complex M = Zk(X, A) such that K has ^ u 
maximal simplices and that dimF ^ v. Then for F with maximal simplices o"i, • ■ • ,a u +i and dimF $C v, 
denote by K\ the simplicial complex with maximal simplices o"i,-- - ,cr u , K 2 = 2 cr "+ 1 and F 3 = FiHF 2 . 
Denote Mi = Zk^X, A). Then by induction hypothesis, there is a homotopy equivalence iu k ■ (C*(M k ), d) — > 
(S*(M k ),d) for k = 1,2,3. From the following commutative diagram 

0^ C,(M 3 ) -> a(Mi)ea(M 2 ) -> C*(M) ^0 

0^ S*(M 3 ) -»• S , *(Mi)eS , *(M 2 ) -> (S , a ,(Mi)e6 , *(M 2 ))/6'*(M3) ^0 
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we get a homotopy equivalence i' M . By excision axiom, there is a homotopy equivalence j: (S*(M),d) — > 
((S,(Mi)eS.(M 2 ))/S,(M 3 ),d) and so im — j is a homotopy equivalence. For K with maximal simplices 
oi, • ■ • ,a u and dimA = u+l, we may suppose |<r u | = v+1. Denote by K\ the simplicial complex with maximal 
simplices a\, ■ ■ ■ , cr u _i, K 2 = 2 au and A 3 = AinA 2 . Then K\,K 2l A 3 all satisfy the induction hypothesis and 
the homotopy equivalence iu exists by the same induction proof as above. Thus, i?*(C*(M), d) = H st {M) for 
all M. 

Let (C*(X),d) = (Ui®- ■ -®U m , di<E>- ■ -®d m ) and denote the element of C*(A) by a = (ai,---,o m ) with 
every a k G ?7fe. For (ai, • • • , a m ) G C*(A), define 

p(a) = {k | fe e c fe }, p*(sl) = {k | fc G ife}, g(a) = {fc | a k G 6fe or q fe } 
and CZ' a {X) = {a G C**(A) | p(a) = <r, p*(a) = 5}. 

For (<r, w) G Im, C°' w (M) = {a G C*(M) | p(a) = <r, g(a) = lu} is a chain subcomplex of (C*(M),rf) such 
that (C7*(M),d) = ©(<T, w )e/ M (C^ ,a; (M), ci). Let (C*(K<j tUJ ), d) be the augmented simplicial chain complex over 
k of K a ^. Then there is a chain complex isomorphism V: (C^(M),d) — > (C* (A^), d)<g>Tf '"(M) defined 
as follows. For a = (cti, • • • , a m ) G C*' W (M), let a = (&i, • • • , 6 m ), where 6fe = if a*; $ qfe and 6fe = d k {a k ) if 
a fc G q fc . Then ^(a) = r/®5 with r, = {k \ a k G q fc }. So H, +1 (C? ,w (M),d) - H*(K a ^)®T?> u (M). 

Dually, we have 

ff*(M) = Hom k (e ((7 , w ) e 7 M ^' w (M),k) = ® (CT>w)eJM Hom k (iC w (M), k) = ®( CT , w)e , M tf *, W (M), 
Ho~t}{M) = H 0mk (fl]^i(M),k) = Hom k (e s+t= fe/l s (^)®T t <T ^(M),k) - © s+t= feIF(A CT , u )®T^(M). □ 

Definition 1.4 Let K be a simplicial complex with vertex set a subset of [to]. T/ie Alexander dual of K 
relative to [to] is ffte simplicial complex K* = {a \ a G A c } ; w/iere A c = 2l m l\A anda = [m]\a. It is obvious 
that (K*)* = K. 

By the above definition, the Alexander dual of {<f\ relative to [to] is 2[ m ]\{[m]}, the Alexander dual of {} 
relative to [to] is 2^ m l Z {} (X,A) = 4> and Z {4>} (X, A) = A 1 x---xA m . 

Theorem 1.5 Let M — Zk(X,A) be the topological space in Definition 1.1 (may not be a generalized 
moment-angle complex). Denote the topological space M c = Zk*(X,B), (X,B) = {(X k , £fc)}feLi> where 
Bk = X k \A k and K* is as in Definition 14. Let X = X\X - ■ -xX m . Then M c = X\M . 

Proof. For a subset a of [to], 2 a has one maximal simplex a. If a = {i , ■ ■ ■ , i s }, then (2 <T )* has s+1 maximal 
simplices i ,- ■ ■ ,i s , where i = [to]\{z}. So X\D(a) = U iea D*(i), where D* is defined by that 

r^*/ \ r7 n n I Xi if 1 G CO , 

D» = Z 1 x...xZ B> Z, = | ^ . f 

This implies that when K = 2 a , X\Zk(X, A) = Zk*(X, B). It is easy to check that for any two simplicial 
complexes K and L, (K U L)* = K* n L* and Z K , nL , (X, B) = Z K , (X, B) n Z L » (A, B). So for any simplicial 
complex K, 

Z K * (A, B) 

= 2(u„ eK 2-)« (A, B) = Z n<jeK (2°)» (A, B) = n ae KZ(2')' (A, B) 
= n ffe ^(A\Z 2 .(A,A)) =n ff£ ^(A\£»(<7)) = X\(u aeK D(a)) 
= X\Z K (X,A). 

□ 

Theorem 1.6 Let M = Zk{X,A), (A, A) = {(Afe, Afe)}^ 1 &e a generalized moment-angle complex satis- 
fying the following conditions. 

1 ) Every X k is a closed orientable manifold ( with respect to homology over k) of dimension r k ■ 

2) Every A k is a polyhedron subspace of X k that is the deformation retract of a neighborhood. 

Then M c = Zk-{X,B) as in Definition 1.5 is also a generalized moment-angle complex and for any 
(a, uj) G Im such that lu ^ </>, there are group isomorphisms 

where r = H™ =l r k , a = [m] \ (aUco), Q ^ is the dual map o/C CTiW . 
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Precisely, the isomorphism is defined as follows. For uj ^ <j>, we have an isomorphism C, a w that satisfies 
the following commutative diagram 



where t, c CTiW and are defined in the proof of the theorem. For x k £ 6fe, denote x k — Jk(d k 1 (x k )), where 
d k : H sr+ i{Xk, A k ) — > i?*(j4fe) is the connecting homomorphism and 7^: H*{X k , A k ) — > H Th ~*(B k ) is the 
Alexander duality isomorphism. For Xk £ \ k or c k , denote x k = ^k{x k ) with "f k : H*(X k ) — > H Th ~*(X k ) the 
Poncare duality isomorphism. Then for a®{x\, ■ ■ ■ ,x m ) £ H*' U {M) with a £ H*(K a ^) and (x\, ■ ■ ■ ,x m ) £ 
T?' U (M), C<r, u (a<g)(xi,--- ,x m )) =£ <riU (a)®{xi,--- ,x m ). 

Proof. Let everything be as in the proof of Theorem 1.3 and define (C*(X, M), d) = (G\(X)/C*(M),d). 

For ry £ if*, define (C*(rj),d) = (Wi<g>- • -(8)W m , di®- • -<S>d m ), where (W^d;) = (Ui,di) if i £ 77 and (W^d*) = 
{U l /S t ,d k ) if 7 £77. We prove that (C*(X,M),d) = +, e j<-. (C*(»7), d). 

For (T = {i , • • • , i s } ; (S* 7 )* has s+1 maximal simplices i ,- ■ ■ ,i s and so C*(X)/C*(a) = + ie(J C*(i). This 
implies that (C*(X)/C*(M a ), d) = + n e(2-y (<?*(»?), d), where M CT = Z 2 -(X, A). So for if, 

+r ) eK-(C'»(?7),d) 

= +77e(u < , e j f 2-)*(C*(»?),d) = +^e(n ( , eK (2<')*)(C*(r7),d) = D aeK ( +r,e(2-)* (C*(»?),d)) 

= n CTe x(c*(x)/a(M CT ),d) = n rt i f (c,(x)/c l (ff) 1 i) - (c , *(x)/(+ CTex a(a)),d) 

- (C,(X)/C,(M),d). 

So (C*(X,M),d) = + veK ,(C*{r)),d). For (tr.w) G J M and a = [m]\(ffUu), define Cf' u (X,M) = {a G 
C*(X,M) \p*(a)=a, g(a)=uj} and Tj ,0J (X, M) = {a=(ai,-- - ,a m ) G C? ,W (X, M) \ a h £ q k for all k £ g(a)}. 
Then (C,(X,M),d) = © (<r , w)e j M (C? '"(X, M), d) and so for every (<r,w) £ I M , (X)/C? U (M), d) = 

{C°'"{X,M),d). 

Let {K a ^)* be the Alexander dual of K a ^ relative to cu and if* be the Alexander dual of if relative to [m]. 
For n £ (Kp^)*, i-e., r\ C w and cj\r; ^ if ffjU , i.e., r/Cw and erU(o;\?7) ^ if, we have [m] \ (aLi(uj\i])) — alin G 
if*, i.e., r] £ (K*)z.u- So (if CT;W )* C (K*)^ tU} . Conversely, for 77 G (if i.e., r/Cw and aUr; G if*, we have 
[ro] \ (5Ur?) = <7U(w\r?) £ if, i.e., ^77 £ if^, 77 G So (if*) ?;W 'c Thus, (if CT;W )* = (if*) ? , w 

and we may denote if ~ w = (ifo- ;W )* = (if*)?^. The correspondence r\ — >• induces a dual complex 

isomorphism (C*(2 W , if CT ^), d) = (C*~*(if~ w ), (5), where i is the cardinality of uj. Denote the corresponding 

induced homology isomorphism by c CTjW : ii*(2 w , ifo-, w ) = H*~*{K~ u ) 

There is a dual complex isomorphism 4>: (C^X, M), d) -> (C^ifi^), 6)<2)T*'"(X, M) ((A*(Z)B*) k = 
(&t~ s =kA s ($Bt) defined as follows. For a = (01, • • • , a m ) G C* '"(X, M), let a = (61, • • • , b m ), where bk = flfe 
if a k £ tk and d k (b k ) = a k if a k £ t k . Then ^(a) = rjCda with 77 = {k\a k £ t k }. So ii^_"(Jf,M) = 
H* +1 (C!' w (X,M),d) = H*{K*~jQ)Tf' u {X,M). 

Thus, the long exact sequence 

► H n (C*(M),d) A ii„(a(A),d) -A H n {C*{X,M),d) A ^ n _!(a(M),d) -»• • • ■ 

satisfies that keri = ®(a,u)eiM,^4>H*' u '(M), cokcrj = ®( a ,u)eiM,ui^<l>H*' u (X , M) and the long exact sequence 
is the direct sum of the following diagram for all (a, uj) £ Im and base element a = (01, • • • , a m ) G T^'"(M), 

> H s (K a ^)®& -> H s (2")®a -> H s {2 u 1 K ry ^)®& — ii s _i(if (7;W )®a -> • • • 

#*- s (ifi w )0a' 
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where a' = (a[, • • • , a' m ) with dk{a' k ) — a k if a k € 6& and a' fe = otherwise. When u ^ <f>, H*(2 U ) = 0. We 
have an isomorphism d' auJ : H°' U (X, M) — > fTj^(M). 

The Alexander duality isomorphism 7: H*(X,M) = H r ~*(M c ) is also the direct sum of isomorphisms 
la.ui '■ H°' U (X, M) = H~~*(M C ) for all (a, u>) E Im- From the following commutative diagram for Y k = B k or 

H.(X 1 ,X 1 \Y 1 )®---®H.{X m ,X m \Y m ) ~' 1 ®'"® lm ) F'-i-*(F 1 )®...® J H-^-*(F m ) 

H.(X,X\Y 1 x---xY m ) H r ^-*(Y l x---xY m ) 

wehave7aF, w (a<8)(a;i, • • • ,x m )) = a®(7i(a;i), • • • ,j m {x m )) for alia 6 H*(K£J and (x 1: ■ ■ ■ ,x m ) E TZ' U (X,M), 
where j k is as defined in the theorem. So = 7~ * (c%. UJ )~ 1 is just the isomorphism of the theorem. □ 

Example 1.7 For k < r, the standard inclusion of the sphere S* <^-> R r+1 induces an inclusion map 
9 k : S k — > S r+1 , where we regard S' r+1 as one-point compactification of R r+1 . S"' _fe is the deformation retract 

of the complement space S r+1 \9 k (S k ). For ki < rj, i = 1, • • ■ ,m,letM = Z K ( r ™ +l \ —z K (X,A) 

\ fei ••• fe m / 

be the generalized moment-angle complex with every space pair (Xi,Ai) = (S ri+1 , S ki ) and the inclusion 

9 ki : S ki — > S ri+1 as defined above. Then M c is homotopic equivalent to Zk» ( Tl+1 r ™+ 1 \ an( j wg 

have Im = {(cr, a;) | cr G X, crDo; = 0} and Jm<= = {(c',^) \°~' € if*, cr' (la; = </>}. Since all the graded groups 
{fc , Cfe , ife are one dimensional, we use the degree to represent the unique generator of the group. Then by 
Theorem 1.3, for all (cr, w) G Im, 

H k+i( Z i<( ri fe | 1 r ™ +1 = ® s +n 1 +-n m =kH s (K (TtU )®(n 1 , ■ ■ ■ ,n m ), 

where n, = if i G cr, = if i E a, n, = fcj if i G w and for all (cr', w) G 7m<= 

h& [z K , ( ^ ^ ) ) = © s+ „ i+ ... +< = fc j®^, • • • , <j, 

where = r,+l if i G cr', n- = if i E a', n\ — ri—ki if i G w. Take cr' = <7. Notice that H s (K a ^) = 
tft-s-i^K* ^ where £ is the cardinality of w. The homology and cohomology groups satisfy Theorem 1.6. 

2. The homology and cohomology of homotopy open covers 

We have computed the (co) homology group of a generalized moment-angle complex, but the coalgebra 
structure of the homology group (equivalently, the algebra structure of the cohomology group) is not computed. 
To determine the coalgebra structure, we have to use spectral sequence. 

Definition 2.1 Let M be a topological space. A homotopy open cover £ of M is a sequence of topological 
subspaces € — (Mi,-- - , M n ) such that every M k is a deformation retract of an open subspace M' k of M 
and that for all 1 < i\ < ■ ■ ■ < i s ^ n, M il H- ■ -nM is is a deformation retract of M- H- ■ -flM- and that 
M = U" =1 Mj'. The cover £ is always regarded as an ordered set of symbols, but not a set of subspaces. So 
Mi = Mj as subspaces for i ^ j is allowed in the sequence. Mi = <f> is also allowed. 

Definition 2.2 Let C = (Mi, • • • , M n ) be a homotopy open cover of M . The chain complex (<£*,* (M), d) is 
defined as follows. For fi = {i , ■ ■ ■ , i s } E 2^\{(p}, define M M = M ia C\ ■ ■ ■ C\M is and = s. Then 

{/u}®i?t(M^), 

where {fi} denotes the l-dimensional space generated by fj,. For /j, C v, i v ^ \ H*(M V ) — > H t ,(M fl ) is the 
homomorphism induced by the inclusion map from M„ to M M . Then d: € s . t (M) — >• <£ s _i it (M) is defined by 

d({i , • • • , i s }(gia) = Sfe =0 (-l) fe {i , • • • , ifc, • • • > i s }<8>V>A»* ( a )' d({i }®a) = 0, 

where /U = {i , ■ ■ ■ ,i s }, «o < • • • < is, Mfe = {io, •■■ ,ik, - ■■ ,i s } and a E H^M^). 

(C* j *(M),d) has a coproduct A: (£*^(M),d) — > (£* i *(M)(8)£* j *(M), d<gid) defined as follows. For ordered 
subset n = {i , • • • , i s }, p! k = {i , • • • , i k }, [i k = {i k , ■ ■ ■ ,i s } and a E H\ a \(M^) such that A M (a) = Y.ja'^a 1 - , 
where A M is the coproduct of the homology coalgebra H^(M^), 

A({i ," - ,i s }®a) = Hj?:^ (-l)( s - k M\{i ,..- ,ifc}(8)i MiMi (o^)(8){ifc,-" ,* 8 }®i M , M »(o^)- 
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It is easy to check that (d®d)A = Ad and so the homology H* t *(<L*^(M), d) is a coalgebra over k. 
Dually, the cochain complex (£*'*(M),5) is defined as follows. 

e<*(M) = e s ,^ e: s '*(M), c m (m) = e„ C [n],iMi=«M® ff *( M /*)- 

For /i C v, i* : H*(M^) — > H*(M U ) is the homomorphism induced by the inclusion map from M v to M M . 
Then 5: £ S '*(M) -> £ S+1 >*(M) is defined by that for ordered set fi = {i , ■ ■ ■ ,ik}, 

6({i , ■■• , i s }®a) = E fc (-l)" +1 {i , • • • , i„, k, i u+1 ■■■ , i s }<8>^ fei([1 (a), 5([n]®o) = 0, 

where the sum is taken over all ordered set Hk = {*o, ■ • ■ ->iu,k, i u +i, • • • , i s }- 

(€*'*(M),5) has a product £*'*{M)®£*<*{M) ->■ £*'*(M) denned as /oZ/ows. (/z<8>a)(i/(g)&) = except that 
fi = {i , ■■■ , ik}, v = {i k , ■■■ , i s }, A = {i , ■■■ , i s }, i < ■■■ <i s , 

(^a)(v®b) = (-l) |a|l ^A®(^(a),^(6)) A , 

w/iere (,}a is the product of the cohomology algebra H*(M\). The cohomology H* >*(<£*'* (M), 5) is an algebra 
over k. 

Theorem 2.3 Let everything be as in Definition 2.2. There is a spectral sequence (€ r s t (M),d r ) converging 
to H*(M) such that every (<££ # (M), d r ) is a differential graded coalgebra and there is a differential graded 
coalgebra isomorphism 

{£l,*(M),di) = (<L* t *(M),d). 

Dually, there is a spectral sequence (€p t (M),S r ) converging to H*{M) such that every (€*'*(M),S r ) is a 
differential graded algebra and there is a differential graded algebra isomorphism 

(£t'*(M),^) £* (£*>*(M),J). 

Proof. We only prove the homology case, the cohomology case is just the dual proof. We may suppose that 
Mi, • • • , M n are all open subspaces of M. 
Define double complex (U*.*,D) as follows. 

U,,, = ®s,t>oU s , t , U s .t = ®^[n]M=s{^St{M IJ ), 

where St(M^) is the singular chain group over k freely generated by all singular t-simplices of M^, {fi} and 
are as defined in Definition 2.2. D : T Sjt — » T s _i^©T Sjt _i is defined by that for ordered set /i = {io, • • • , i s } C 
[n] and singular t-simplex w G S^M^), 

D({io, ■■■ , is}®™) = E£ =0 (-l) fc {i , • • • ,Tfe, • • • , i s }®w + (-l) s {i , ■■■ , i s }®d(m), 

where d is the differential of the singular chain complex (S^(M^), d). 

From the horizontal filtration F n — ®t^ n U*,t of {U*^,D), we get a spectral sequence (FJ t ,d r ) converging 
to H*{U*^,D). For a singular i-simplex w G S t (M\)+ ■ ■ ■ +S t {M m ), there is a unique subset A C [n] such 
that n7 is a singular t-simplex of St(Mi) if and only if i G A. Let C(w) be the subgroup of generated 
by all /j,<Siw with /U C A. Then = © ro H*{C*{w), di), where tu is taken over all singular simplices of 
S*(Mi)-\ hS,(M m ) and the differential is defined by 

di({io, • • • ,i s }0O7) = E| =0 (-l) fe {i , • • • >»J®w. 

ft is obvious that (C*(m),di) = (C*(2 A ), d), where (C*(2 A ),d) is the simplicial chain complex over k of the 
full simplicial complex 2 A and so H (C*(w),di) = H (2 X ) = k and H k (C*(w),di) = H k (2 x ) = if k / 0. 
The generator of Hq{C*{vj), d\) is represented by {i}®w for any i S A, i.e., {i}®w and {j}®zu represent the 
same homology class in t for all i, j G A. This implies that the correspondence {i}®w — > w induces a chain 
complex isomorphism 

(i^,di) - (^..di) s (S.(Mi)+.-.+&.(M m ),d). 
Since c?2 : -P^t — > F^ +l t _ 2 , the spectral sequence collapse from r ^ 2 and Ho,*(F* , d\) = H*(U*^,D). By 

excision axiom, (S*(M\)-\ \-S*(M m ),d) is homotopic equivalent to the singular chain complex (5*(M),d). 

SoHoAF^d!) 

From the vertical filtration £?„ = ©s^n^s,* of (t/*,*, we get a spectral sequence (FJ t , d r ) converging to 
H*(U*,*,D) = H*(M). Define (££ t ,d r ) = (£^(M), d r ). By definition, (£^(M),di) = (cl,.(M),d). 

Define coproduct A: ([/».»,£>) — > (?7 ,* , D)®{JJ * ,* , -D) as follows. For a singular simplex nj G St(M^) with 
/i = {io, • • • , i s } and A /i (ro) = vj'®vj" (abbreviation of Y,jw'j®w"), where A M : S*(M l _ l ) — > 5«(M /i )(g)S'*(M /i ) 
is the homomorphism of singular chain groups induced by the diagonal map of M M , define 

A({i ,--- ,i s }®ru) = Sfe =0 (-1 ) (s_fc)|ro,| {io, • • • , ife}®^' <8> {i k , ■ ■ ■ ,i s }®w". 
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Then 

(D®D)(A({io,-" ,*»}®tJ7)) 
= (fl®D)((-l)( s -^l{ 8 o,"',u}®ro'®fe,.. - ,i.}®07") 
= S| =0 SS =0 (-l)( 5 - fe )l ro 'l+"{io, ■■•,?„,■", «fe}®^' ® {*fc, ' ' • , is}®™" 

+£| =0 (-l) (s - fe)|ro ' l+ H*o, ■ ■ • , i k }®dw' ® {i fc , ■ ■ • , i s }®w" 

+E^ =0 S^ (-l)( s - fe )l ro 'l+ fe +l-'l+ u {*o, ■ • • , ® {ifc, ■ ■ ■ , i fc + u , ■ ■ • , * a }®o7" 

+S^ =0 (-l)( s - fe )l ro 'l+ s +l ro 'l{z ,-- - ,*fc}®a7'® {»*,■■■ ,« s }®dro" 
= S| =0 S^(-l)( 5 - fe )l ro 'l+"{i , ■■■,?„,■■■, ife}®^' ® {*fc, ■ ■ ■ , i.}®*/' 

+S* =0 E^(-l)( s - fe )l ro 'l+ fe +l CT 'l+ u {2 ,--- ,*fc}®a/®{ifc,"- ,?*+„,■■■ ,* s }®?n" 

+S^(-l)( s - fe )l ro 'l+ fc {«o, • • • M®w' ® {i fc) ■ ■ ■ , i s }®w" 

+S^ =1 (-l)( s - fe )l ro 'l+ fc +l ro 'l{ i0 ,--- ,»jJ<WW'®{?fe,"- ,*.} 

+S* =0 (-l)( s - fe )(l ro 'l- 1 )+ s {i , ■ ■ ■ , i fc }®dro' ® {ik, i s }®va" 

+S^ =0 (-l)( s - fe )l ro 'l+ s +l ro 'l{z ,-- - ,*fc}®y ® {»*,■■■ ,* s }®dtu" 
= A(S« =0 (-l) u {i , ■■■,?„,■", i s }®w)+A((-l) s {z , • • • , i s }®dtu) 
= A(D({i , • • ■ 

Thus, A induces spectral sequence homomorphism A r : (£^„,d r ) — > (El ^<giEl ^,d r ®d r ). By Kiinneth 
Theorem, ff*(lT*,*®C/*,*, £>®£>) = H„(M)(g>H„(M) = H„(MxM). 

A also induces a spectral sequence homomorphism A r : (F^,d r ) — > (-FT * ®-f** * j d r ®d r ). By definition, for 
a homology class in represented in by {z}®[ra7] such that Aj(A) = A'® A" (Aj is the coproduct of 
H*(Mi)), Ai({i}®A) = {i}<3\' ® {z}(g)A". This implies the following diagram commutes. 

(Fl^di) ^ (Fl^Fl^d^) 

\\l II* 
(S,(M),d) A (S.(M)®S.(M),d) 

where A is the homomorphism of singular chain groups induced by the diagonal map of M. Since the spectral 
sequence FJ t and F£ t ®F£ t collapse from r ^ 2, wc have the following commutative diagram 

#*(£/*,*,£>) A H*(U**®U„,D®D) 
\\l \\l 
H*(M) A H*(MxM). 

So H*(U*,*,D) = H*(S*(M),d) is a coalgebra isomorphism. □ 

Notice that if we do not consider the (co)algebra strucure, the above theorem holds for (co)homology over 
an Abellian group G. But all other main conclusions (such as direct sum decomposition, generating set) in 
this paper can not be generalized to the case of an Abellian group G. So we only discuss field case. 

Definition 2.4 Let everything be as in Definition 2.2. For x = [i®a G £*^(M), the support complex 
(£*,*(#), d) of x is the chain subcomplex o/ (<£*,*(M), d) generated by all \®ip,\(a) such that AC/i. Define 
€ x = {A C n ifi,\{o) = 0}. It is obvious that € x is a simplicial complex. 

Theorem 2.5 Let everything be as in Definition 2.4- For x = [i®a G ^^^(M), there is a chain com- 
plex isomorphism (£*\ a \(x),d) = (C*(2 A1 , C x ), d), where C*(2 A ', £ x ), d) is the relative simplicial chain com- 
plex over k, i.e., the quotient complex of (C*(2 M ),d) over (C*(£ x ), d). So we may define H s (£* t *(x),d) = 
H sM {€, M {x),d)^H s {2^X x ) = H s _ 1 {^ x ). 

Proof. The correspondence \®i^ t \(a) — > A for all i^,\(a) ^ induces a chain complex isomorphism from 
(£*,»(ar),d) to (C*(2' i , £ x ),d). ' □ 

Definition 2.6 Let € be a homotopy open cover of M. € is a simple cover (with respect to k) if there is a 
subset T* ; *(<£) o/£* ; *(M) such that 

(C,,(M),d) = e xe r.,.(e)(C.,.(a;),d) 
and t/ie spectral sequence <L r s t (M) defined in Theorem 2.3 collapse from r ^ 2 and so /or fc, 

tffcpf) = 8»+t=fcC2 it (M) = ® s +t=k (®xeT», t (£) # s (£*,*(:r),d)) . 
T^^C) is ca/ted a generating set of £* t *(M). 
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3. Homology coalgebra and cohomology algebra 

Definition 3.1 Let K be a simplicial complex. A simplex cover of K is a sequence & — (ai,--- ,er n ) of 
simplices (repetition and empty simplex allowed) of K that contains the set of maximal simplices of K , i.e., 
every simplex of K is the face of some a k . 

For a generalized moment-angle complex M — Zk{X,A), (X, A) = {(X k , Ak)}™^, and a simplex cover 
& = (cti,-- - ,a n ) of K, the sequence £ = (Mi,-- - , M n ) with M k = D(ak) (D(ak) as defined in Definition 
1.1) is the cover of M associated to &. 

Definition 3.2 Let M = Zk(X,A), (X, A) = {(Xk, Ak)}™ =1 , be a generalized moment-angle complex. 
Then for a simplex cover 6 = (<ti, • • • , er„) of K , the associated cover £ = (Mi, • • • , M n ) is a homotopy open 
cover of M and by Definition 2.2, there is a chain complex (£* ; *(M), d). 

The base r *,*((£) o/£* ! *(M) is taken as follows. Take a fixed base for Cfc,ife (as defined in Definition 1.2). 
By Kiinneth Theorem, for a space Y = Y\ x ■ • ■ x Y m with Y k = Ak or Xk for every k, the base of (Y) is the set 
of all x = (xi, • • •, x m ) with every Xk a base elements of H*(Yk), where we do not distinguish a base element in 
coimifc and its image in \m.i k . Then T*^(£) is the set of all n®{x\, • • • , x m ) such that fi — {io, • • • , i s } C [n] and 
that (xi, ■ • ■ ,x m ) is a base element of H*(M^), where M M = D(ai )D- • ■DD(ai g ) = D(C\j^^aj) = Y\X- ■ -xY m 
with Yfe = Xk if k G C\j eiJ/ o-j and Y k = Ak otherwise. Equivalently, r* ! *(£) is the following set 

{/i®(xi, • • • ,x m ) | fj, C [n], (xi, • • • ,x m ) G T*(M), x k G c fc Ui fc , if k G n j€ll aj, x k G fifcUife, if k £ H^o,}, 

where we use the same symbol to denote a vector space and its base and so T*(M) = U( (7 . w ) e / M T^ '"(M) with 
T^ U (M) as defined in Definition 1.2. 

Theorem 3.3 Let everything be as in Definition 3.2. Give r»^(£) a graded graph structure defined as 
follows. For /i®x G r* ! *(£), its degree is the cardinality of fj, minus 1. For /x®x, v®y G r».»((£) with [i 
a proper subset of v, they are the two vertices of an edge if and only if i v .^(y) = x and \fi\ = — where 
iu,n is as defined in Definition 2.2. Then the graded graph r* ; *(£) is simple in the sense that every connected 
component of it has but one vertex with maximal degree which is called the top vertex of the component. So the 
connected component decomposition of the graph r* ; *(<£) corresponds to the direct sum decomposition of the 
chain complex (£* ; *(M), d). Precisely, let T* ; *(£) be the set of all top vertices o/T, .*(<£), then € is a simple 
cover (as in Definition 2.6) of Zk(X, A) with generating set T* ,*(<£) and direct sum decomposition 

H k (M) = e s +t=fc# s ,t(£*,*(M),cO = ® s+t = k (© I€T ,, ( (£) H s (€^-4x),d)) , 

where (£* t *(x),d) is as defined in Definition 2.4 and H*(£*^(x),d) is as defined in Theorem 2.5. 

Proof. Notice that since we do not distinguish coimife and imi k , the homomorphism i k restricted on coim is the 
identity isomorphism. So for A®x, /x®y G I\*(C), if i^, t \(y) = x, then x = y. This implies that all connected 
components of r„^(£) is a graph with vertex set of the form {/zi<g>x, • • • , /i s ®x} with x G T*(M), i.e., the set 
of connected components of T»^(£) is in 1-1 correspondence with T«(M). For a connected component with 
vertex set {/ii®x, • • • , /i s ®x}, x = (Uf = i/Uj)(g)x is the unique top vertex of the component and the connected 
component chain complex is obviously (C* it ,(x), d). 

Now we prove the spectral sequence E r s t — € r s t (M) as defined in Theorem 2.3 collapses from r ^ 2. 
Let (U^^,D) and everything else be as in the proof of Theorem 2.3. Then [/».» is generated by elements 
of the form /x®(xi,-- - ,x m ) such that x k G S*(X k ) if k G C\jen°~j an d x k G S*(A k ) if k $ Dj^^aj. Let 
(C*(M), d) be as defined in the proof of Theorem 1.3. We use the same symbol to denote both the homology 
class and a representative of it, both the space and a base of it. Then (C*(M),d) is a chain subcomplex of 
(5*(Xi)<x>- • ■®S , *pf m ),d®- • -®d) by taking representatives as in the proof of Theorem 1.3. So we may define 
double subcomplex (£* ; *,D) of (U*^,D) generated by all /U®(xi,-- - ,x m ) such that x k G t k Ui k Uc k Uq k if 
k G tlj^pO-j and Xfe G fifcUife if fc Cij^^aj. Then by Definition 3.2, r* ; *(<£) is a subgroup (not a subcomplex) 
of and (£*,»,£>) is the smallest subcomplex of (U*^,D) containing r*, *(<£). 

Let (Z* y *,D) be the subcomplex of (<£*,*, .D) generated by all /U(g)(xi, • • •, x m ) such that there is at least 
one k G C\je^o-j such that Xfe G fife or q^. Let {Z'^ ^^D) be the subcomplex of (Z*^,D) generated by all 
/U®(xi, • • -,x m ) such that there is no x k G qfe. Let (F n ,D) be the subcomplex of (Z^^(x),D) generated 
by all A®y such that |A| < n. Then {F n } is a filtration that induces a spectral sequence (F^ t ,d r ) con- 
verging to i?*(Z* ; *, D). For /x®(xi, ■ • -,x m ) G », define (D(x k ),d' k ) to be the acylic chain complex such 
that D(x k ) is generated by {x^x^} with d' k (x' k ) = x k if x k G fife and fc G ^jen°~j an d define (D(x k ),d' k ) 
to be the trivial chain complex with D(x k ) generated by Xfc if Xfe fife or k £ Cij efl o-j. By definition, 
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(F}*,di) = ®n®(x 1 ,—,x m )ez; l , , (-D(xi)fg)- • ■®Z)(a; m ), d^®- • -®d' m ) with the isomorphism induced by the corre- 
spondence /x(g>x — >• x. So = and H*(Z* it , D) = 0. It is obvoious that the quotient complex of ((£*.», D) 

over (Z*^,D) is isomorphic to (M ), d). So #*(<£*,*, D) — if* (<£*,* (M), d). Since (<£*,*, -D) is a double sub- 
complex of (f/*,*, -D), all the homology classes of if*(<£* i *(M), d) = *(-W) survive to infinity in the spectral 
sequence. □ 

Definition 3.4 Let M = Zk{X, A), {X, A) = {{X k , A k )Y k n =1 be a generalized moment-angle complex and € 
be a cover associated to the simplex cover & = (<ti, • • • , er n ) of K. For (a,u>) G 1m (Im as in Definition 1.2), 
the simplicial complex 6 CT)W is defined as follows. The vertex set of is the subset [<j,w] — {k G [n] \ u C 

o~k, o- k C\u> 7^ (f)} and {ig, • ■ • ,i s } C [o~,uj] is a simplex o/S CT . w if and only if (n^ocr^. )Du> G K . 

For x — n®(xi, ■ ■ ■ ,x m ) G r* i *((i) ) define p(x) = {k \ x k G Cfe} and g(x) — {k\x k G l k } and T°f(£) = 
{x G T*^(£) | p(x) = a, g(x) = lo}. 

Notice the difference between K a . ijj in Definition 1.2 and &a.cj in the above definition. The vertex set (<r, u) 
of i^<7,w is a subset of [m] and the vertex set [a, to] of & ayU) is a subset of [n]. But [m] and [n] are two irrelevant 
sets, since [m] is a substitute of (X, A) and [n] is a substitute of S. We always use A, fi, v, pi, p! , • • • to denote 
subsets of [n] and other Greek letters to denote subsets of [m] . 

Theorem 3.5 Let everything be as in Theorem 3.3 and Definition 3.4- Then the following conclusions 
hold. 

1) For any x = • • • ,x m ) G r».»((£) with p(x) = a, g(x) = u> and € x as defined in Definition 2.4, 
£x = <5o-,w|p = {Afl/i | A G &a,ui} and there is a chain complex isomorphism (£* ; *(a;), d) = (C*(2 M , ©o-,,^), d). 
Specifically, if x G T* ,*(<£), (C* ; *(a;), d) = (C*(2' i , 6 CT ^), d). 

2) jU(8>x — > x is a _M correspondence from T*J*(£) to the base ofT^ u (M) for all (a,u) G Im, where 
T?'"(M) is as defined in Definition 1.2. 

3) The geometrical realization space \& a ^\ — \K<j,u\ (— means homotopic equivalent of topological spaces), 
where K a ^ u is as in Definition 1.2. So for x = /i®x G T*'*(£), 

H k {<L^(x),d) = H k (2^&^) - # fe _i(6 CT; j) £* H k -i{K^ u ) = H k {2^),K a ^). 

Proof. 1) The correspondence \®{x\, • • • , x m ) — > A induces a chain complex isomorphism from (<£* »(x), d) to 
(a(2",6 tr , u ,U),d). 

2) Just the conclusion that T*(M) is in 1-1 correspondence with the set of top vertices T» jHt (<£) of r* i *(£) 
which is proven in Theorem 3.3. 

3) Suppose a — {io, ■ ■ • ,i s }- Then 6| w = (<7j o nu;, ■ • ■ ,<7i s nu;) is a simplex cover of K a<u . Let t/fc = 
|star^ ^ (CTi fc nw)|\|link^ ^ (cri fc ncj)|. Then {{/ , • • • ,U S } is an open cover of \K a ^\ such that every non- 
empty Uj (~) ■ ■ ■ CiUj f is contractible. By definition, S CTW is the nerve of the open cover {Uo,--- ,U S }. So 
|6 CT;W | ~ \K^\. ' □ 

Theorem 3.6 Let everything be as in Theorem 3.5. For Xi G T^*'"*(<t), i = 1,2,3, such that er 2 C a\, 
o"3 G a i and uj\ G CJ2UCJ3, there is a chain complex homomorphism 

A^' X3 : (C„*(a;i),d) -> (C,*^)^*,*^), d®d) 

i/ioi induces a homology homomorphism A^'^ 3 and i/ie following commutative diagram (vi = (ai,uji}) 

ff*(£*,*(ari),d) ^ *(x 2 ), d)<8>i?*(£* *(x 3 ), d) 

^(12^1,1^,^1) >■ ^(12^1,1^^1)^(12^1,1^3^1), 

where the vertical isomorphisms are obtained by replacing the simplicial homology on the right side of the 
isomorphism in 3) of Theorem 3.5 by singular homology and A^'" 3 is the coproduct between relative singular 
homology groups defined as follows. For simplicial complexes K,K',K" with respectively vertex set Q,q',q" 
such that K is a simplicial subcomplex of K'UK" and S a set such that g'Lig" G S, the coproduct A^ ' e is 
defined by the following commutative diagram, which is obviously independent of the choice of S 

A e '' e " 

H*(\2 S \,\K\) — ► H.(\2*\,\K'\)®H.(\2« f '\,\K"\) 

\\l \\l 

H*(\2 S \,\K\) A * ) H.(\2 S \,\K'\)®H.(\2 S \,\K"\), 
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where the vetical isomorphisms are induced by the inclusion map and A(x) = (x,x) for all x G |2 S | is the 
diagonal map of \2 S \ regarded as a map between space pairs from the space pair (|2 S |, \K\) to the product space 
pair (|2 S |, |X'|)x(|2 s |, \K"\) = (|2 s |x|2 s |, |2 s |x|iT'| U \K'\x\2 s \). 

Proof. For the simplex cover & = (a\, ■ ■ ■ ,cr n ) of K, define simplicial complex K as follows. The vertex set 
of K is [n]. An non-empty set {io,---,i s } C [n] is a simplex of K if and only if C\ S j =0 o- ij ^ <f). It is obvious 
that if is a simplicial complex. Define maps ip: K\{(j>} — > K\{<f>} and <p: K\{<f>} — > K\{(f>} as follows. For 
a non-empty simplex a of K, tp(o-) = {k G [n] |crC<7fc}. For a non-empty simplex [i = {i ,---,i s } of K, 
<fi(n) = nj =0 CT^. V an d <p are order reversing, i.e., for uCt, V'( <7 ) 3 VK T ) and for /iCv, (^(^) D <p(^)- So ^ 
and </? are not simplicial maps but they induce simplicial maps between barycentric subdivision complexes. 

For a simplicial complex L ^ {}, denote the barycentric subdivision complex of L by S(L). S(L) = L if L = 
{</>}. Then S(L)\{cj)} is in 1-1 correspondence with the set of all set of non-empty simplices {<ti, • • • , cr s } of L 
such that (7 i is a proper face of for i = 1, • • • , s-l. Define * : SX_2 KU0} ) -> 5(2^\W) and $ : 5(2^\{<«) -> 
5(2 K \^>) as follows. For a non-empty simplex {r?i, • • •, of 5(2 y \W), • • •, r) s }) = {i>(r} s ), • • •, V(»?i)} 

and for a non-empty simplex {/Ui, • • •, /x t } of 5(2- ftr \{'^), • • •, /Ut}) = {y>(/x t ), • • •, ^(^i)}, where repetition 

is canceled in the image set. It is obvious that * and 3> are simplicial maps. For a simplicial map /: K — >• L, 
denote the corresponding piecewise linear map between the geometrical realization spaces by |/| : \K\ — > \L\. 
Notice that for a non-empty simplex a G K , a C (fnji{a). If a ^ 4>tp(o-), then for all n C a, 4>ip{rj) — 4"4>(cr). This 
implies that if a = (fyip(a), then for all a C t, t = 4"iP(t). Thus, for any simplex V = {771, • • • , r] s } of S(2 K \^), 
if $\I>(V) ^ V", then there is a < fc < s such that % ^ (f>ip(r]k) and jjj = <pip(r]j) for j > fc. So both V and 
are faces of the same simplex {771, • • • ,i]k,H ; (ilk),Vk+i, ■■■ ,Vs} (cancel if H>{Vk) = Vk+i) of 

S(2 K \^). This implies that |$||*| is homotopic to the identity map of \S(2 K \^)\ by the linear homotopy 
H(t,x) = (l-t)^(x) + tx for all x G |5(2 K \W)|. For a simplex VF = {m, ■ ■ -,Mn,- ■ ■ ,Mr t _i+i, ■ ■ -,MrJ of 
5(2^^}) such that Hfce^Ofc = er Mi for s = r^-i+l, • • • , rj and every o"„ i+1 is a proper subset of <7 Ui , both W 
and ^$(VF) are faces of the same simplex {/ii, • • •, /j ri , ip(f)(p ri ), • • • , /i rt • • •, /z rt , ip<p(fi rt )} (cancel ip4>(ii ri ) 

if ip4>(/i ri ) = n Ti ). So I^H^I is also homotopic to the identity map of 15(2^^)1 by linear homotopy. 

Let -Ko- jtl j be as in Definition 1.2 and 6<7,o> be as defined in Definition 3.4. Define maps ip aM : K au \{<t>} 
6<r,w\{0} and 6 CTj o,\{<^} -> if C r iW \{^>} as follows. For a non-empty simplex n of K aiU , ^^{rj) = 

{k I ctU?7 C CTfe}. For a non-empty simplex n = {i , ■ ■ •, i s } of 6 CT , W , fa^(^) = (nj =0 cri 3 )\ct. ^cr,« and are 
order reversing and so are not simplicial maps. But they induce simplicial maps VfV^ : S(K a uj ) — > S , (@ C r,w) and 
5(6,7,0,) ->■ 5(^ CT ,o,) defined by ^^({^l, • • ■, »?«}) = {^a,u, {v*),--; ipa.uivi)} and $ ct ,o,({mi, • • •, Mt}) = 
{<£a-,o>(Mt), • • •> ^(7,0,(^1)}; where repetition is canceled in the image set. 5(6^,^) is naturally a simplicial 
subcomplex of 5(2^^). Regard S(K a ^) as a simplicial subcomplex of 5(2*^ W) by the correspondence 
{?7i, • • • , ?7 S } — > {aUrji, • • • , crUry s }. Denote both the inclusion map by i. Then by definition, i ^ a ^ = '5 i and 
i $ct,o> = This implies that V and < i ) C r,a;*cr,aj(^ / ) are faces of the same simplex for all non-empty simplex V 
of S(K a ^) and |$ (T ,o;|| 1 i , <7,o>| is homotopic to the identity map of S{K a . u ). Similarly, I^ct^H^ct^I is homotopic 
to the identity map of S(& a ,u)- So we have the following commutative diagram of long exact sequences of 
simplicial homology groups 

•••-»• H k (S(e^)) 4 ff fe (5(2*\W)) -»■ ^ fe (5(2^W}), 5(6(7iW )) ^ Hk^SiK^)) ■ ■ ■ 

H k {S{K a ^)) A F fe (5(2^\f«)) -> ^ fe (5(2^\W}), S(K atU )) -+ H k ^(S(K a ^)) 

where we use the same symbol to denote a simplicial map and the homology homomorphism induced by it. 
Since both $ and $ CTj o, are isomorphisms, is also an isomorphism. 

Suppose Xi — /Xi®Xi for xi,X2,X3 in the theorem. For ordered subset {io, ■•• ,i s } C /Ui, define 

^'^({io,-- - ,* s }®xi) = S^ =0 {i ,-- - ,ife}«)X2® {i k ,--- ,« s }®x 3 , 

where {ji, • • •, j u }®{xi, • • •, x m ) = if there is I G n% =1 crj v such that xi G J;. By the isomorphism in the proof 
of Theorem 2.5, we have the following commutative diagram 

x l 

(C*,*(a;i),d) >• (C*,*(a;2)®C*,*(a;3),(i(8)(i) 

II; II) 

(a(2"S6 ffl , Ul ),d) >■ (C,(2w,6 (72iU2 )®C,(2''»,6 (7 „ U 3),d®d). 
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We have chain complex homomorphism A: (C*(2l™l),d) — > (C*(2[™])<g>C*(2[™]), cfeic?) defined as follows. For 
{i ,--- ,is} G C*(2 [ " ] ), A({i ,-- - ,««}) = s jLo {*<>,■•• ,ifc}®{ik,-- - ,*«}• If (n| =0 cr i3 ) Hwi^, then at least 
one of (n*_ <Ti J ) flW2 and (nj_ fe c7i J ) PI <x> 3 is non-empty. This implies that 

A(a(6 CTliU1 )) c a(6 ff2 , W2 )®a(2W)+a(2N)0c at (6 ff 3, W3 ). 

cr 2 C o-i and cr 3 C a l imply that C*(2^) C C*(2^ 2 ) and C*^ 1 ) C C*(2^ 3 ). 

So we have the following two commutative diagrams of short exact sequences of simplicial chain complexes 
(Ci = a(6a ilWi ), Cj = C*(2^) and C = C*(2M)) 

0^ Ci -> C -> C/Ci -+0 

A 4- A I Aj' 3 4- 

0^ c 2 ®c+c®c 3 -»• c®c* -> (a/c 2 )®(c/c 3 ) -+o 

0^ Ci -> Ci -> C1/C1 -*•() 

A 4- A 4- A 2 ' 3 4- 

0^ c 2 ®c 3 +c 2 ®c 3 -> <5 2 ®C 3 -»• (C 2 /C 2 )®(C 3 /C 3 ) -+0 

and from the above diagrams, we have the following commutative diagram 

A 2,3 

a(2^,6 ffl , Wl ) ► a(2^,6 CT2 , W2 )®a(2^,6 CT 3, W3 ) 

" A?' 3 

a(2W,6 CTl;Wl ) > a(2N,6 CT2ia)2 )®a(2N,6 CT 3, W3 ) 

a(2^«,6 CTliW1 ) a(2^\w},6 CT2 , W2 )®a(2^\w}, e^) 

II? 23 II' 

a(S(2*\W),S(& ai!Ul )) a(5(2 1? \W}),5(6 CT2 ^ 2 ))®C,( > S(2 7? \W}),5(6 CT 3, W3 )) 

Apply the isomorphism <& CTi;Wi : C,(S(2^\W), 5(6^,^)) -> C ifc (S'(2 K \W>), S(i^ i)U)i )) to the last homo- 
morphism, we get a chain complex homomorphism 

C,(S(2*\W), 5(X CT1 , W1 )) C„(S(2 K \W), S(i^ 2 ))®C»(S(2™>), S(if CT3;W3 )). 

Notice that all A^' 3 is induced by a simplicial approximation of the diagonal map A defined by A(x) = (x, x). 
Since barycentric subdivision does not change the homology, we have the following commutative diagram 

H4S(2 K \M), SiK^.^ j) H4S(2 K \M), S(tf ff2 , W2 ))®if*(S(2*\«), S(K a3 , U3 )) 

II; II; 

H4\S(2 K \W)\, \S{K aiiUl )\) ^> ff,(|S(2*\W)|, |5(^ 2>W2 )|)^(|5(2^\W)|, |5(^ 3 , W3 )|) 

II; II; 

ff.(|2*\W|, ff.(|2*\W|, |^ 2iW2 |)®^(|2^\W|, |^ ff3 , W3 |) 

II; II; 

^(12^1,1^,^1) ► ^(|2" 2 |, |if CT2 ,. 2 |)^(|2" 3 |,|^ 3 , W3 1) 

So A^' x 3 and A^-" 3 satisfy the commutative diagram of the theorem. □ 

Definition 3.7 Let M = Zk(X,A) and T*(M) be as in Definition 3.2. We use the same symbol to denote 
both the base and the space generated by the base. Then the coproduct A T : T*(M) — > T^,(M)<S)T^(M) is 
defined as follows. For x = (xi,--- , x m ) G T*(M) ; regard Xk as an element of H*(Ak) if Xk G ife. Suppose 
Afc(xfe) = Y>jCk y jx' k j®x'l p where A& is £/ie coproduct of the coalgebra H*(Xk) or H*(Ak), Ch,j G k\{0}, and 
x' k j,x'l j are base elements of H*(Xk) or H*(Ak). Then 

^ T ( x ) = ^3i,-,j m (~iy c l,h ' ' ' c m,j m (x'ij 1 , ■ ■■ , x 'm,j m )®( x 'l,ji ' ' ' ' lij^li 

wftere e - |<, 1 |(K jJ . 2 |+- • •+k™, jm l)+K j2 l(l4, j3 l+- • -+K, m l)+- • ■+\ x 'm-i,j m . 1 \\ x m,jJ- 
Notice that in general, A T is not coassociative. 
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Q. ZHENG 



Theorem 3.8 Let everything be as in Theorem 1.3 and Definition 3.7. The coproduct of 
H*(M) = ® {a , ul) ei M H°'"{M) = ®( CT , w)e / M #*(in \K atU \)®T?> u (M) 
is as follows. Forxe T?' U (M) and a e H*(\2 V \, \K a , u \), i/A T (x) = S^x^x^' and A$'""(a) = Y> k a' ok ®a'l k , 

II n II 

where xj G T* 3 (M) and x? 6T, 1 ' 3 (M), w< and are respectively the vertex set of K a > ^ and K a "^", 
A^'" 3 is as defined in Theorem 3.6, then 

A(a®x) = S jife (-l)l4H< fe l Cj .(a;. fe ®x;.) ® (a? fc ®x£). 

Dually, the product of 

h*(m) = e (CT , w)e 7 M ^; w (M) - e (CTiW)e/M ^*(|2"|, |^, w |)®t; w (m) 

is as follows. For Xj G T*. >aJ .(M) and a, G i?*(|2 t ' i |, jii'^^J), i = 1,2, i/ (xi,X2)t = SjCjXj wit/i Xj G 
T* (M) and Vj the vertex set of 'K ajtUj , where ( , }t is i/ie dual product of A T in Definition 3.7, then 

(a 1 (g)x 1 )(a 2 (8)x 2 ) = S j (-l)l Xl H a2 l Cj (ai, a 2 )^,„ 2 (8)x j; 
where (,) V {,V2 * s ^ e dual product of A^ V3 in Theorem 3.6. 

Proof. Suppose if = {en, • • • , er„} (in any order), then 6 = (<ri, • ■ • , ct„) is a simplex cover of if. Let £ be 
the cover associated to 6. Consider the coproduct A: €* t *(M) — > £*^(M)(g)£* j *(M) in Definition 2.2. Let 
everything be as in Theorem 3.3 and its proof. For x — [i®x = /U®(a;i, • • • , x m ) G T% let rj = Hj^^aj. 
Now we prove that there is no k G f] such that x k G ife. Suppose there is k G rj such that Xk G ife. Let 
v[ = i]\{k}, then n' G K and there is a j G [n] such that r/ = aj. yuU{j}(g)x is in the same connected component 
of x. A contradiction to that a; is a top vertex! So there is no k G r\ such that x k G ife. This implies that 
A M (x) = A T (x), where A M is the coproduct of H t ,(M fJ/ ) as in Definition 3.2. Suppose A T (x) = EjCjX^Cgix", 
where Cj G k\{0} and x^-,x" G T*{M). Then for ordered subset {i , ■ ■ ■ , i s } C /U, 

A({i ,-- - ,« s }®x) 
= S,E s fe=0 (-l)( s - fe )l^l Cj ({j ,--- ,* fc }®x$)® ({»*,••• ,i a }®4), 
where {ji, • • •, j u }®(xi, • ■ -,x m ) — if there is I G n" =1 CTj„ such that x\ G fi;. Compare A({i ,--- , z s }<8)x) 
with A^' X3 ({io, • • • , i s }®xi) defined in the proof of Theorem 3.6. They differ only in sign. So the induced 
homology homomorphism (still denoted by) A is just the formula in the theorem. □ 

Theorem 3.9 Let everything be as in Theorem 3.8. If for every k, there is a subcoalgebra ife of H*(Ak) 
such that the restriction of ik on ife is a coalgebra isomorphism from coimife to imzfe, then (T*(M), A T ) is a 
cocommutative, coassociative (in the graded sense) coalgebra and (T*(M), (,}t) is a commutative, associative 
algebra over k. 

Proof. In general, coinrife = imifc only as Abellian groups, the coproduct of the two groups are different. But 
in the condition of the theorem, coimifc = imife as coalgebras. So the cocommutativity and coassociativity of 
A T follow from that of every H*(Ak) and H*{X}-). □ 

Remark When M = Zk(D 2 , S 1 ), the usual moment-angle complex with every space pair (Xk,Ak) = 
(D 2 ,S 1 ), there is an algebra isomorphism H*(M) = Tor^ [x] (F(K ), k), where F(K) is the Stanley-Reisner 
face ring of K. But the formula even can not be generalized to the following most similar case when every 
H*{Xk) — and H s (Ak) = k for s = r^ > 1 and H s (Ak) = otherwise. Since the degree rfc may be even 
or odd and the degree of Xk can only be even, the formula can not be generalized to this case by giving the 
polynomial ring k[xi, • • • ,x m ] a graded commutative algebra structure. 

/ n+l ■" r m +l \ 

We end this paper with an example. Let M = Zk[ be as in Example 1.7. It is a 

V fel ••■ k m I 

generalized moment-angle complex that satisfies the condition of Theorem 3.9. Since all T*' U (M) is one 
dimensional, we have 

H^(M) = H.(\2 V \, \K^\)®{n u • • • , n m ) = El(^)l^(|2"|, \K^\), 

where S r means uplift the degree by r, \(o-,ui)\ = Y>i £(T (ri+\) + Y,i eu] ki, rii = ri+1 if i G <r, rij = if i G a, 
n, = ki if i G cj. (a, u>) — > (m, ■ ■ ■ 1-1 correspondence from Im to T*(M). Identify the two sets and 

the coproduct A T is defined by that for all (a, u) G Im 

A T (c, u) = S (-1) £ (ct', u')®{<j", uj") 
where e = n"(n' 2 -\ \-n' m ) + n 'iWz^ ^ n 'm) + " " ' + n m-i n 'm an d the sum is taken over all ct'Uct" = a, 
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u/Uu/' = ui (U means disjoint union). Suppose v',v" are respectively the vertex set of K a ' tU1 ' and K a ii )W » 
and AJJ''"" : i?»(|2"|, \K a ^\) -> iJ*(|2"'|, |AV^|)®i?„(|2 1 '"|, is as defined in Theorem 3.6. Then for 

a G ff.(|2"|, IJT^I) with A^' u "(a) = Ejafoa'j, 

A(a) = 2 ^(-l)^l«»"IIC-V)l ^ a « 

tT'UCT"— a, lj'Uui"— uj j 

where the element &(g>(Zi, ■ ■ • , Z m ) in i? J „(|2 u '|, |Jf Pie |)®(Zi, • • • , Z m ) is still simply denoted by b. 
Dually, 

H*(M) = ® ( ^ )elM Y\^H*(\?>\, \K^\). 

For a' e H*(\2 V '\, \K a > iU1 >\) and a" G iJ*(|2 1 '"|, |ii' .« iW «|) ) still denote the corresponding element in H*, u , and 
H*„ u „ by a' and a". Then a' a" = except that a'da" = 0, w'flw" = and (ct'Uct", w'Uu") G Im- For such 
ct', a" and uj',u)", 

aV'=^(-ir+l a "IK-''-')l(a',a"}^^ 

where e is as above and ( ,)«,,„» : #*(|2"'|, |X" a »,^|)®F*(|2 t '"|, |A>,a,»|) H*(\2 V \, |iOu<r»a,W I) is the dual 
map of Aj''"". 
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